The P,T -odd Faraday effect (i.e., rotation of the polarization plane of light propagating through a medium in presence of the external electric field due to P, T symmetry violating interactions) is considered for several atomic species: Ra, Pb, Tl, Hg, Cs, and Xe. Corresponding theoretical simulation of P,T -odd Faraday experiment, with already achieved intracavity absorption spectroscopy characteristics and parameters, is performed. The results show that the magnetic dipole transitions in the Tl and Pb atoms as well as the electric dipole transitions in the Ra, Hg and Cs atoms are favorable for the observation of the P,T -odd Faraday optical rotation. The estimation of the rotation angle of the light polarization plane demonstrates that recently existing boundaries for the electron electric dipole moment can be improved by one-two orders of magnitude.
Introduction
The study of the spatial parity (P) and time reversal (T ) symmetry violation in atomic and molecular systems is of importance for physics of fundamental interactions. If the electron possesses a nonzero electric dipole moment (eEDM), it means simultaneous violation of P and T symmetries. Within the frames of the standard model (SM) of electroweak interactions, eEDM is predicted to be less than 10 −38 e cm [1]. However, in numerous extensions of the SM the eEDM is predicted to have much larger values. As was shown in [2, 3] , the eEDM is strongly enhanced compared to the EDM of free electron in heavy atoms. Even stronger enhancement of the eEDM can arise in diatomic molecules containing heavy nucleus with open electron shells due to the existence of closely spaced energy levels of opposite parity. Note also that in atomic and molecular systems in an external electric field the effect of eEDM is always accompanied by another P,T -odd effect-P,T -odd interaction of electron and nucleus [4, 5] . Various models for the P,T -odd interactions in frames of the SM are discussed in [6, 7] . In [5] it was also demonstrated that in an external electric fields both abovementioned P,T -odd effects cannot be distinguished in any experiment with any particular atom or molecule. However, as was shown in [8] this can be done in the series of experiments with different species due to the different dependence of these effects on the nuclear charge Z. Please note that we do not consider here other sources of P,T -violation effects including spin-dependent effects such as the interaction of the nuclear magnetic quadrupole moment with electrons [9] which will be considered elsewhere. The most restrictive bounds for the eEDM were established in the following experiments: with the Tl atom (d e < 1.6 × 10 −27 e cm) [10] , YbF molecule (d e < 1.05 × 10 −27 e cm) [11] , When the light propagates through the optical active medium its polarization plane rotates. This rotation arises due to the difference in the refraction indices for left-(n + ) and right-(n − ) circularly polarized light:
where l is the optical path length, λ is the wave length of the light. In general, the refractive index for any resonant processes in any atomic (or molecular) system can be expressed via the scalar part of the dynamic polarizability tensor of this system α(ω):
Here ρ is the atomic vapor number density,
is the polarizability of the atomic state i, A i→ f is the transition amplitude between the initial i and final f atomic states. Γ i , Γ f are the corresponding natural line widths. Γ col is the collisional broadening line width which is defined by the relation
where σ col is the collisional cross-section, k B is the Boltzmann constant, T is the vapor temperature in Kelvin, M is the atomic mass. For electric dipole (E1) transitions Γ col can be usually neglected compared to the natural line width of the excited atomic state. For magnetic dipole (M1) transitions the former line width can dominate at high number densities. Summation in Equation (3) should be extended over the entire atomic spectra. However, in the resonance case only one term corresponding to the particular level is retained. Let us consider atomic vapor placed in a cavity with applied steady external electric field E along the direction of the light propagation. In what follows we ignore the hyperfine structure of atomic levels. In fact, it will be shown below that if the hyperfine structure is resolved, it does not change the order of magnitude for the estimate of the rotation angle. As a result of applying such an external field, the energy levels with a definite total electron angular momentum J begin to depend on the absolute value of the total electron angular momentum projection |M J |. Taking into account the P,T -odd effects such sublevel |M J | is split into two sublevels M J = ±|M J | with different energies (linear Stark effect). Then for the resonant case of the transition iJ → f J and different right-and left-circularly polarized light Equation (3) takes the following form:
where
In Equations (6) 
The scheme of such splitting is presented in Figure 1 . In what follows we only consider the linear Stark shift which is produced by the electron EDM. In case when the linear Stark shift is produced by the P,T -odd pseudoscalar-scalar electron-nucleus interaction, in all formulas d e should be replaced by the equivalent eEDM d eqv e , i.e., eEDM that leads to the same linear Stark shift in the same external electric field as the P,T -odd electron-nucleus interaction [6] . A standard way of presenting linear Stark matrix element for the case of eEDM is as follows
where R d is a dimensionless enhancement coefficient of the electron EDM in an atom:
The eEDM Hamiltonian V eEDM can be written in the following form [43, 44] :
where p is the electron momentum operator, γ 0 and γ 5 are the Dirac matrices, c is the speed of the light. Note also that instead of use of the direct sum-over-states method for the calculation of R d (Equation (10)) one can use the finite difference method [45, 46] . Such calculations of matrix elements (10) as well as transition amplitudes in the numerator of Equation (5) for atoms under consideration were performed in Refs. [18, 42] . For this the relativistic coupled cluster method within the Dirac-Coulomb Hamiltonian has been used. Then the difference between ω + and ω − can be expressed as
Now introducing full effective line width Γ = Γ i + Γ f + 2Γ col , omitting apparent indices and using Equations (2) and (5) one can rewrite the expression (1) in case of the P,T -odd Faraday rotation as
Let us expand Equation (13) in terms of d e E and retain only linear in electric field contribution. The next step is to take into account the chaotic motion of individual atoms in vapor and the Doppler broadening, having applied the convolution of the Lorentz line profile with Maxwell distribution of atomic velocities. As a result of such transformation, the Voigt line profile appears. In what follows for the Voigt profile, we will use the parametrization adopted in [41] . The dispersive part of the Voigt profile which defines the refractive index n(ω) can be parametrized as
The absorptive part is proportional to
The function F (u, v) is defined as
where Erf(z) is the error function, the variables u, v are defined as
and
respectively. Here ∆ω is the detuning of the frequency and Γ D is the Doppler width which is equal to
Now introducing the function h(u, v) = dg(u,v) du we find
The absorption cross-section for the resonance case for the light propagating through a medium can be presented as
where σ 0 is the absorption cross-section at the point of resonance and A total is the total amplitude that includes the contribution of the considered transition process and possible other decay channels if exist. However in the cases of the resonant absorption which will be discussed in the next section we can neglect other decay channels and assume that |A total | = A. The comment can be made on the behavior of the spectral line shape for the considered P,T -odd Faraday effect. The function g(u, v) describes the behavior of the optical rotation angle in the case of natural or P-odd optical activity in the vicinity of the resonance. In case of the P-odd optical rotation the difference in refractive indices for the left-and the right-circularly polarized light is defined by Re(n + − n − ) = 4P (Ren(ω) − 1) (see Equation (1)) where P is referred to as the degree of circular polarization of the light or the degree of parity nonconservation. Then, according to Equations (2) and (3), the line shape is antisymmetric with respect to the resonance frequency ω 0 . The function f (u, v) describes the absorption line profile in the vicinity of the resonance. For more details the reader is referred to the book [41] . The function h(u, v) describes the rotation angle caused by the P,T -odd Faraday effect close to the resonance frequency. This function has two maxima (by absolute value): one maximum corresponds to the point of the resonance coinciding with the maximum of absorption and another maximum is off the resonance where absorption is small. This second maximum should allow working off-resonance when searching for the P,T -odd Faraday effect with the large optical path length. If the nuclear spin is not equal to zero there is another mechanism which can affect the refractive index. The electric field with consideration of the P,T -odd effects leads to the mixing of the states with different hyperfine levels F but the same projection M F . As a result there appears the contribution proportional to the line profile g(u, v) for the P,T -odd Faraday effect (the derivation of this result is completely analogous to the ordinary Faraday effect consideration in [47] ). However this contribution is suppressed by several orders of magnitude by the factor of ∆ω/∆ hfs ∼ Γ D /∆ hfs (where ∆ hfs is the hyperfine splitting) and thus can be neglected.
Introduce now the product of the P,T -odd Faraday rotation angle ψ(u) and the transmitted light intensity function T(u) which is referred to as the signal R(u):
The transmission function T(u) is governed by the Beer-Lambert-Bouguer law
where L(u) is the absorption length at the point of detuning u.
It is widely known that the shot-noise limit is proportional to the square root of the number of detected photons. So the signal-to-noise ratio and statistical sensitivity (R(u)/ T(u)) is optimal when d dl le −l/2L(u) = 0, i.e., when l = 2L(u). From this condition the expression for the optimal column density ρl reads
It is more convenient to rewrite Equation (24) in terms of the natural width of the excited state Γ n :
Please note that in the case of M1 transition when the collisional broadening effects should be considered and v = v(ρ), Equations (24) and (25) define ρ = ρ(l). Substituting ρl from Equation (24) to Equation (20) one gets the expression for the maximum rotation angle
Let us analyse the expression (27) . Since for the P,T -odd Faraday effect we are interested in the off-resonance measurement when the second maximum is achieved, then we can use known asymptotics for functions h and f : h(u, v) ∼ 1/u 2 and f (u, v) ∼ v/u 2 . As it will be shown in the next section this asymptotics is valid already for u = 4 where the rotation angle achieves its maximum. Then
From Equation (27) it follows that for E1 transitions this maximum value cannot be further increased with increasing of the column density or reducing the Doppler width (cooling of atomic vapor). It is also obvious that for transitions of M1 type the effect can be increased with diminishing the value of ρ together with increasing the optical path length l while collisional broadening dominates over the natural width of the transition line (see Section 3). In case of resolving the hyperfine transitions then the hyperfine structure factors about (0.1-1.0) appear for the R d coefficients (for E1 and M1) as well as for the natural line width (only for E1) of the excited state in Equation (27) . It is obvious that taking account for the hyperfine structure does not change the estimate of the rotation angle for the P,T -odd Faraday effect.
Application to Transitions in Different Atomic Species

Ra Atom (Z = 88)
Let us consider the transition 6p 2 7s 21 S 0 → 6p 2 7s7p 3 P 1 of E1 type for the radium atom with the transition wavelength λ = 714 nm. For our estimates of the rotation angle we take the value for the eEDM enhancement factor of the final (excited) state from [18] :
In what follows the estimates for the P,T -odd Faraday rotation angle are made for the electron EDM effect at the level of d e ≈ 10 −29 e cm (the bound established in the experiment with the ThO molecule [13] ). For an external electric field we set the maximum achievable in laboratory value E = 10 5 V/cm [10] . Assuming the room temperature T ∼ 300 K and employing the transition frequency value ω 0 = 2.7 × 10 15 s −1 , according to Equation (19) we obtain the Doppler width Γ D ≈ 1.3 × 10 9 s −1 . The natural line width for the chosen transition is Γ n = 2.37 × 10 6 s −1 [48] . Our estimation of the maximum P,T -odd Faraday angle and the corresponding column density according to Equation (27) and Equation (26) depicted in Figure 2a ,b, respectively. From Figure 2a it follows that maximum rotation angle is achieved already at the detuning u = 4. As this takes place,
for the observation of the electron EDM of the order d e = 10 −29 e cm. The column density that is needed for this ρl ≈ 5 × 10 16 cm −2 . Such column density can be easily obtained in the cavity of 1 m long and optical path length equal to 100 km described in [38] . However, in fact, the electric field E = 10 5 V/cm can be easily produced only within a small volume of the size 1 cm. As a result, the optical path length is scaled down to 1 km. Nevertheless, assuming l = 1 km we obtain the optimal density ρ opt ≈ 5 × 10 11 cm −3 that in principle can be prepared. Note also that through the use of asymptotics of h(u, v) and f (u, v) we arrive at the same result as in Equation (29) . Then in what follows we will employ the asymptotics and use for the estimation of the P,T -odd Faraday angle Equation (28) . The best sensitivity was reported in [40] where the birefringence phase shift of the order 3 × 10 −13 rad was registered. If one assumes this record sensitivity, then the Ra atom appears to be a good candidate for improving the eEDM bound by an order of magnitude.
Pb Atom (Z = 82)
In the case of the lead atom we consider two transitions: of E1 type and of M1 type.
(1) The first one is the E1 6p 2 (1/2, 1/2) 0 → 6p7s(1/2, 1/2) 1 with the transition wavelength λ = 283 nm. We employ the value for the eEDM enhancement factor of the 6p7s(1/2, 1/2) 1 state from [18] :
= (0 + (844)) = 844. Assuming T ∼ 300 K and employing ω 0 = 6.7 × 10 15 s −1 , according to Equation (19) Γ D ≈ 3.4 × 10 9 s −1 . The natural line width for the chosen transition is Γ n = 1.79 × 10 8 s −1 [49] . For E = 10 5 V/cm, d e = 10 −29 e cm and u ≈ 4 from Equation (28) it follows
The necessary column density appears to be ρl ≈ 3.7 × 10 14 cm −2 . This result shows that the best possible estimate for the eEDM with the maximum modern sensitivity achievement (∼ 10 −13 rad [40] ) would be still an order of magnitude above the value quoted in [13] .
(2) Now we consider the M1 transition 6p 2 (1/2, 1/2) 0 → 6p 2 (3/2, 1/2) 1 with λ = 1279 nm. Here we also employ the value for the eEDM enhancement factor of the 6p 2 (3/2, 1/2) 1 state from [18] :
Assuming T ∼ 300 K and employing ω 0 = 1.5 × 10 15 s −1 , according to Equation (19) Γ D ≈ 7.7 × 10 8 s −1 . The natural line width for the chosen transition (for the 6p 2 (3/2, 1/2) 1 metastable state) is Γ n = 7 s −1 according to [49] . Let us estimate the value of the collisional broadening Γ col according to Equation (4) . The characteristic value for the collisional cross-section is σ col ≈ 0.5 × 10 −14 cm 2 [41] . Then in terms of density ρ we obtain
]. It appears that for ρ > 10 11 cm −3 the collisional broadening mechanism dominates over the natural broadening one. Since now the maximum rotation angle (Equation (28)) (optimal for the experiment) depends on ρ (ψ max ∼ 1/ρ) and the column density according to Equation (26) is not fixed (the fixed quantity is ρ 2 l, i.e., 1/ρ ∼ √ l) then let us employ the maximum feasible value for the optical path lengths in our estimates. In [39] path length of 70,000 km for the cavity of the same size as in [38] was reported. If such a large electric field (E = 10 5 V/cm) can be implemented in the cavity in a volume of a several centimetres size then the optical path length appears to be l = 10 8 cm. It corresponds to the optimal number density, according to Equation (26) , ρ ≈ 5 × 10 14 cm −3 . Then, for d e = 10 −29 e cm and u ≈ 4 from Equation (28) it follows
Thus, if to assume the record sensitivity [40] and the record optical path length [39] , then the lead atom appears to be a good candidate for improving the eEDM bound by 2 orders of magnitude.
Tl Atom (Z = 81)
For the thallium atom we consider the 6p 1/2 → 6p 3/2 transition of M1 type with λ = 1283 nm. We employ the values for the eEDM enhancement factor of the ground and excited metastable state from [18] : R i d + R f d = (−526 + 7) = −519. Assuming T ∼ 300 K and employing ω 0 = 1.5 × 10 15 s −1 , according to Equation (19) Γ D ≈ 7.7 × 10 8 s −1 . The natural line width for the chosen transition (for the 6p 3/2 metastable state) is Γ n = 4 s −1 according to [49] . Similar to the case of M1 transition in Pb, in terms of density ρ we obtain Γ col = 7.6 × 10 −11 ρ[cm −3 ] s −1 . So the dimensionless v = Γ 2Γ D ≈ 2.6 × 10 −9 + 10 −19 ρ[cm −3 ] . For l = 10 8 cm the corresponding number density according to Equation (26) ρ ≈ 6.6 × 10 14 cm −3 . Then, for d e = 10 −29 e cm, E = 10 5 V/cm and u ≈ 4 from Equation (28) it follows
Thus, assuming the record sensitivity [40] and the record optical path length [39] , the thallium atom appears to be a good candidate for improving the eEDM bound by 2 orders of magnitude.
Hg Atom (Z = 80)
In the case of the mercury atom we consider two E1 transitions:
(1) The first one is from the metastable 6s6p( 3 P 1 ) state to the excited 6s7s( 3 S 1 ) state with λ = 436 nm.
The population of the lower metastable level can be obtained with the laser pumping [38] .
The eEDM enhancement factors were calculated in [42] and R i d + R f d = (−427 + 893) = 466. In [42] R d factors are presented for definite hyperfine levels. Here these values are recalculated for the levels i, J|M J | and f , J |M J |. The natural line width for the chosen transition is Γ n = 1.0 × 10 8 s −1 [49] . Assuming the room temperature T ∼ 300 K and employing the transition frequency value ω 0 = 4 × 10 15 s −1 , according to Equation (19) we obtain the value for the Doppler width Γ D = 5.2 × 10 −7 ω 0 ≈ 2 × 10 9 s −1 . For E = 10 5 V/cm, d e = 10 −29 e cm and u ≈ 4 from Equation (28) it follows
The necessary column density appears to be ρl ≈ 1.5 × 10 14 cm −2 . This result shows that the best possible estimate for the eEDM with the maximum modern sensitivity achievement (∼10 −13 rad [40] ) would be still 2 orders of magnitude above the value quoted in [13] . (2) The second transition of E1 type is from the ground 6s 2 ( 1 S 0 ) to the metastable 6s6p( 3 P 1 ) state with λ = 254 nm. According to [42] , 
The necessary column density appears to be ρl ≈ 4.2 × 10 16 cm −2 . This result shows that the best possible estimate for the eEDM with the maximum modern sensitivity achievement (∼10 −13 rad [40] ) could give the same upper bound for eEDM as already quoted in [13] .
Cs Atom (Z = 55)
For the caesium atom we consider the transition 6s 1/2 → 6p 1/2 with λ = 895 nm. Let us employ the value for the eEDM enhancement factors of the ground and excited states from [18] :
= (107 + (−194)) = −87. Assuming T ∼ 300 K and employing ω 0 = 2.1 × 10 15 s −1 , according to Equation (19) Γ D ≈ 1.4 × 10 9 s −1 . The natural line width for the chosen transition is Γ n = 3.23 × 10 7 s −1 [49] . For E = 10 5 V/cm, d e = 10 −29 e cm and u ≈ 4 from Equation (28) it follows
The necessary column density appears to be ρl ≈ 1.9 × 10 14 cm −2 . This result shows that the best possible estimate for the eEDM with the maximum modern sensitivity achievement (∼10 −13 rad [40] ) could give the same upper bound for eEDM as already quoted in [13] .
3.6. Xe Atom (Z = 54)
The last considered example is the E1 transition from the metastable ( 2 P 0 3/2 )6s[3/2] 0 2 state to the excited ( 2 P 0 3/2 )6p[1/2] 1 state of the xenon atom with λ = 980 nm The population of the lower metastable level can be obtained with the laser pumping [38] . The eEDM enhancement factors were calculated in [42] and R i d + R f d = (113 + (−48)) = 65. In [42] R d factors are presented for definite hyperfine levels. Here these values are recalculated for the levels i, J|M J | and f , J |M J |. Assuming the room temperature T ∼ 300 K and employing the transition frequency value ω 0 = 2 × 10 15 s −1 , according to Equation (19) we obtain the Doppler width Γ D = 6.5 × 10 −7 ω 0 ≈ 1.3 × 10 9 s −1 . The natural line width for the chosen transition is Γ n = 2.6 × 10 7 s −1 [49] . For E = 10 5 V/cm, d e = 10 −29 e cm and u ≈ 4 from Equation (28) it follows ψ max ≈ 9 × 10 −15 rad.
The necessary column density appears to be ρl ≈ 2.2 × 10 14 cm −2 . This result shows that the best possible estimate for the eEDM with the maximum modern sensitivity achievement (∼10 −13 rad [40] ) would be still an order of magnitude above the value quoted in [13] .
The summary of the results of this section is presented in Table 1 . 
Conclusion
The main result of the study reported in this paper is that the M1 transitions in the Tl and Pb atoms as well as the E1 transitions in the Ra, Hg and Cs atoms are favorable for the observation of the P,T -odd Faraday optical rotation for the cavity-enhanced technique and ICAS experiments discussed in [38] [39] [40] . For the M1 transitions a very large optical path length (of about 10 3 km) is required. To sum up, optimistically under abovementioned experimental conditions the eEDM border can be shifted down by one or two orders of magnitude compared to the recent experimental bound. Please note that in such optical experiments the P-odd optical rotation also occurs which is, in fact, vastly larger than the P,T -odd Faraday optical rotation. However, the ordinary optical activity (including the P-odd effects) effect cancels after the light travels onward and backward in the cavity. The P,T -odd and ordinary Faraday activity effect grows up after such round-trip.
Let us give a brief comment also on the systematic errors in this optical rotation experiment. It is easily seen that the motional magnetic field which appears in the atomic frame due to the chaotic motion of atoms in the cavity cannot mimic the electron EDM effect since it is always orthogonal to the applied electric field. The possible avoiding of the uncontrolled external static magnetic fields influence can be achieved if simultaneously with the observation of the P,T -odd Faraday optical rotation, the ordinary Faraday optical rotation in the applied external magnetic field parallel to the applied external electric field will be measured. Then switching of the electric field direction cancels the influence of the uncontrolled magnetic fields. In this case, only uncontrolled alternating magnetic fields with a frequency close to the inverse time of the electric field switching can be dangerous. A general problem of excluding the electromagnetic field fluctuations can be in principle addressed by the use of more intensive lasers (see [18] ).
